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Abstract We consider a randomly charged polymer. Each monomer carries a random
charge, and only charges on the same site interact pairwise. We study the lower tails of the
energy, when averaged over both randomness, in dimension three or more. As a corollary,
we obtain the correct temperature-scale for the Gibbs measure.

Keywords Random polymer - Large deviations - Random walk in random scenery -
Self-intersection local times

1 Introduction

In this paper, we study the lower tails for the energy of a polymer. This complements a
companion paper [2] dealing with the upper tails. Lower and upper tails are different stories,
and the two papers are independent from each other, though they use the same model, and
the same notations. Our polymer is a linear chain of n» monomers each carrying a random
charge, and sitting sequentially on the positions of a symmetric random walk.

(i) The symmetric random walk on Z¢ is denoted {S(n), n € N}. When S(0) =z € Z¢, its
law is denoted PP,.

(ii) The random field of charges is denoted {n(n),n € N}. The charges are centered i.i.d.
with a finite fourth moment, and variance 1. We denote by 1 a generic charge variable,
and the charges’ law is denoted by Q. Thus, Ey[n] =0, and EQ[nz] =1.

The monomers interact pairwise only when they occupy the same site on the lattice. The
interaction produces an energy

Hy= Y n@n()HL{SE) =S} (1.1)
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Our toy-model comes from physics, where it is used to model proteins or DNA fold-
ing. However, physicists’ usual setting differs from ours by three main features. (i) Their
polymer is usually quenched: a typical realization of the charges is fixed, and the average
is over the walk. (ii) A short-range repulsion is included by considering random walks such
as the self-avoiding walk or the directed walk. (iii) The averages are performed with respect
to the so-called Gibbs measure: a probability measure obtained from Py by weighting it
with exp(8 H,), with real parameter 8. When g is positive, the Gibbs measure favors con-
figuration with large energy; in other words, alike charges attract each other: this models
hydrophobic interactions, where the effect of avoiding the water solvent is mimicked by an
attraction among hydrophobic monomers. When g is negative, alike charges repel: this mod-
els Coulomb potential, and describes also the effective repulsion between identical bases of
RNA. The issue is whether there is a critical value B.(n), such that as 8 crosses B.(n), a
phase transition occurs. For instance, Garel and Orland [13] observed a phase transition for
a critical B, say B.(n), of order 1/n: as B crosses f.(n), the polymer goes from a collapsed
shape to a random-walk like shape. Kantor and Kardar [14] discussed the quenched model
for the case 8 < 0, that is when alike charges repel. Some heuristics (dimensional analysis
on the continuum version) suggests that the (upper) critical dimension is 2: for d > 3, the
polymer looks like a simple random walk, whereas when d < 2, its average end-to-end dis-
tance is n” with v = ﬁ. Let us also mention studies of Derrida, Griffiths and Higgs [11]

and Derrida and Higgs [10]: both study the quenched Gibbs measure exp(—B H,,)dP,, with
B > 0, for a one dimensional directed random walk If”o, and obtain evidence for a phase
transition (a so-called weak freezing transition).

Our interest stems from recent mathematical works of Chen [8], and Chen and Khosh-
nevisan [9], dealing with central limit theorems for H,,. Chen [8] establishes also an annealed
moderate deviation principle, under the additional assumption that E[exp(An?)] < oo, for
some A > 0. More precisely, with the annealed law denoted P, d > 3, n% L /nk, K n%,

log(an)

(for two positive sequences {a,, b,, n € N}, we say that a, < b,, when lim sup Toghyy < 1),

.1 H, 1
lim = log(P(:I:ﬁ > g)) =50 where ¢y = Y " Py(S(n) =0). (1.2)

n>1

Our study complements the work [8]. We study the annealed probability that {—H,, > &,}
for &, > ni. Also, we consider the simplest aperiodic walk: the walk jumps to a nearest
neighbor site or stays still with equal probability.

As in [2], we rewrite the energy into a convenient form. For z € 74, and n € N, we call
1,(z) the local times, and ¢, (z) the local charges. That is

n—1 n—1
L) =) 1Sk =z}, and G.()=) nL{S(k)=z}.
k=0 k=0

We write H, = ZZ()V(,, (z) + Y, (z)) with

n—1

X,(2)=42@) — (). and Y,() =1 — Y nk)*1{SKk) =z}.
i=0
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Now,
n—1
Yo=Y Y.()=) (1—1@), (13)
zez4 i=0

is a sum of centered independent random variables, and its large deviation asymptotics are
well known (see below Remark 2.2). Thus, we focus on }V(n => )v(,, (z). Since we are
interested in annealed estimates, we could freeze a random walk realization, and relabel
charges on each site z € Z¢, from 1 to 1, (z). Thus, we would obtain a key equality in law

3 law

m 2
X, 2 Xy = D 1) (a(2) = 1), where for m € N\{0}, £.(m) = (i an(i)) ,
ze74 \/n_,l i=1

(1.4)
where {,(i),z € Z%, i € N} is an i.i.d. sequence with n,(i) ~ 5, and we still denote its
law with Q. Now, the expression of X, is related to a process known as random walk in
random scenery, with the difference that the random scenery depends on the realization of
the random walk.

We first present our lower tails estimates, and then provide some heuristics.

Theorem 1.1 Assume d =3, and E[n*] < co. There are constants a, c_f such that for
ag <&, <En'3 witht < 1

4 . 4
eXp(—C_{EnSn%) <P(X,<—&n*) < eXp(—Ciénsn%). (1.5)

Moreover, we have the following description of the dominant strategy. For a constant A large
enough,

6
5 6
a. & 3 n
{ZEZ .Xfln(Z)SAfnsHZW

lim P< 5(,,5—5,,#):1. (1.6)

In dimension 4 and more, there are two regimes. In the following regime, the energy has
the same behavior as in the moderate deviation regime, where the polymer is unfolded.

Theorem 1.2 Assume d > 4, and E[n"] < 0o. For any € positive, choose any sequence (&)
with
IS [n!/6, n@/D/dH+d=e]

There are constants cdi > 0, such that for n large enough
exp(—cz &) < P(X, < —&,v/n) <exp(—cj&D). (1.7)

Moreover, for a constant A large enough

lim P< Y. Xu@=—&n

n—oo
2l (2)>A

X, < —aﬁ) =0. (1.8)

We will see when giving the heuristics, that the second regime corresponds to a partially
folded polymer.
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Theorem 1.3 Assume d > 4, and nfl%z‘ <&, <&nwith & < 1. For a constant c;, and for
any € > 0,

exp(—cTET7) < P(Xy < —&1) < exp(—&£77n"9). (19)

Note that when n € {—1, 1}, then H, = )v(n. However, in general, the lower tail behavior
of H, depends on a competition between X, and Y, whose upper tail behavior is given
in Remark 2.2. Note that the behaviour of Y, depends on the tail decay of the charge’s
distribution. Thus, we say that H,, holds, or simply that n € H,, when || satisfies Cramer’s
condition (i.e. for some A > 0 E[exp(An)] < 00). The speed of the large deviations estimates
is the following limit (when it exists)

_ —_nbf
t(e. B) = lim log(—log P(H, < —n ))7 (1.10)
n—oo log(n)

for ¢ > 1, and B e]%, 1[. A direct application of Theorems 1.1, 1.2 and 1.3, as well as of
Remark 2.2 yields the following proposition.

Proposition 1.4 Assume o > 1,and 8 € % 1[. When d = 3, then

_ -(z 4 _l>
{(a, f) = min 2,3,5,3 5)
When d > 4, then
(o d
¢(a, B) :mm(zﬁy 28 -1, mﬁ)

Heuristics Let us fix two lengths 7, and r,, and an energy x,, and estimate the cost of
folding 7,, monomers in a ball of radius r,, say B(r,), in order to realize

D LU = () = X,

ZE€B(ry)

Note that necessarily 7, > x,. Assume also that 7, > |B(r,)|, so that we expect many
monomers to pile up on each site of B(r,,), and we further assume that the filling is uniform,
that is

T,
VZzeB(r), L@~ ——
|B(ra)|”
Then, the optimal scenario comes up as we equate the cost of the two constrains we are
imposing. (i) We localize the walk a time 7, in a ball B(r,). This costs of the order of
exp(—«T,| B(r,)|~%/%). (ii) We require the charges to realize

3 (- Ll = 2B }

ZE€B(ry)

1.11
T, (1.11)

Since, when we freeze the walk, the variables {1 — ¢,(l,(2)), z € B(r,)} are independent,
centered and with finite variance (if E[*] < 00), the cost of (1.11) is

2B Y
(Z (1= 2., = 22 ””) exp(—%). (1.12)

z2€B(ry)
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Lower Tails for the Energy a Polymer 623

As we equate the two costs, we find

BB _ T e () 013
= == . .
R AT X2

n

Thus, the heuristic discussion suggests that for some constant ¢ > 0

4 d—4

P(X, < —x,) ~exp(—cx, 2 T,7). (1.14)
Note that the exponent j—:z‘ of T, in (1.14) suggests that d = 3 and d > 4 have a distinct
phenomenology. When d = 3, the lowest cost is reached when 7,, = n: the polymer is en-
tirely folded in a ball of volume (Z—z)% . Also, the sum of local charges, ¢,, over this domain
performs a moderate deviations. '

When d > 4, the lowest cost is realized at the smallest possible value for 7,,, that is at x;,.
Sinced X, < n, the polymer is partially folded, and (1.14) implies that the volume of the ball

is x;"*. Also, on each site the local charge performs a typical fluctuation.

Remark 1.5 The weakness in the upper bound in (1.9) (the artifact n~¢ in the exponent)
reflects a deep technical gap in estimating the distribution of the size of the level sets of the
local times of the random walk. We state it as a conjecture.

Conjecture 1.6 Assume d > 3, and let {y,,n € N} be a sequence going to infinity, with
y,1+d/2 < n. Then, there is k4 > 0 (independent of n) such that

Po(l{z : 1,(2) = yu}l = y97?) <exp(—kayi’?). (1.15)

One way to understand the difficulty of (1.15) is to see that the number of possible regions
a2 . . d d/2
of volume y,"'” inside [—n, n]® exceeds exp(ky,'"), for any k > 0.

We give now an elementary application of Theorem 1.1 to the study of annealed Gibbs
measure in dimension three. For simplicity, we further assume that n € {—1, 1}, so that
H, = X,,. The annealed Gibbs measure is the following probability measure: for 8 > 0, we
set

dPn_ﬁ _ exp(—i3Hn)dP
’ Z:(B)

The normalizing constant Z, (B) is called partition function. The measure P, ; favors con-
figurations with large values of —H,, so that it forces local charges to neutralize. When
dealing with the Gibbs measure, one issue is to find the correct B-scaling for which a phase-
transition occurs. Indeed, an interesting biological phenomenon which motivates polymer
modelling is folding, that is the process of going from a (transient) random-walk shape to
a globular-looking shape, under the tuning of temperature, or salt-concentration. Thus, we
expect a critical parameter B.(n) (which might scale with the polymer size), such that for
B > B.(n), typical polymers are globular-like looking, whereas when g < B.(n), typical
polymers look like typical random walk trajectories.

Biskup and Konig [6] (see also Buffet and Pulé [7]) obtain results and some heuristics
on the annealed Gibbs measure (i.e. averaged over both randomness). They use that when

where Z, (B) = E[exp(—BH,)]. (1.16)
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624 A. Asselah

freezing the random walk, and averaging over charges (with 8 > 0)

—BH, 1
Eple Pl =cyexp| — Z Vi,(2) where V (x) ~ 3 log(1 +2Bx) for x large,
zez4
1.17)
and ¢, is a constant. When we assume that Q(n = +1) = %, then ¢, = exp(Bn), and the
study [6] suggests that when performing a further random walk average

e P2 (B) = E[e P = exp(—Bx n (logn) 752 (1 + o(1))). (1.18)

and x > 0 is independent of 8. Also, the proof of [6] suggests that, under the annealed

measure, the walk is localized a time 7 into a ball of volume (n/log(n))@+2.
Our results focus on determining the correct B-scaling.

Proposition 1.7 Assume thatd =3, and Q(n==+1) = % The correct temperature-scaling
is 1/n*3. More precisely, there are positive constants By < B, and the following holds.
When B > B, (the low temperature regime), then for some positive constants a, c,

exp(pn’?) = Z;(—’f/s> > exp(ei "), (1.19)
n
and,
2
3 3/5
lim P~ , ({zezd:"—gl,,(z)gané} z"—4>:1. (1.20)
n—oo ’LHZT a a

When B < B (the high temperature regime), for c, defined in (1.2),

2
lim Llogz;< p ): cab”. (1.21)

n—oo pl/3 n2/s 2

Moreover, there is a positive constant b, such that

lim P~ , ({z€Z:1,(z) > bn'"} #0) =0. (1.22)

n—>oo n,
n2/3

Remark 1.8 We emphasize that (1.22) is not the ‘correct’ result, since we expect that, in the
high temperature regime, the polymer behaves like a random walk. We conjecture that for
large b
lim P~ , ({z€ Z%: 1,(z) = blog(n)} # @) = 0. (1.23)
n—o00 mm
We include (1.22) to show the difference with (1.20) which occurs in the low temperature
regime.

The rest of the paper is organized as follows. In Sect. 2, we recall the large deviations for
the g-norm of the local times. We divide Theorems 1.1, 1.2, and 1.3 into their upper bounds
parts, and their lower bounds parts. Upper bounds are treated in Sect. 3, while lower bounds
are treated in Sect. 4. Finally, Sect. 5 contains the proof of Proposition 1.7.
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2 Preliminaries
2.1 Sums of Independent Variables

A. Nagaev has considered in [15, 16] a sequence {Y,,n € N} of independent centered i.i.d
satisfying H, with 0 < « < 1, and has obtained the following upper bound (see also in-
equality (2.32) of S. Nagaev [17]).

Proposition 2.1 Assume E[Y;1=0and E[(I?,»)Z] < 1. There is a constant Cy, such that for
any integer n and any positive t

- _ _ 12
PYi+--+Y,=t) <Cy|nP|Yi>=<)+expl—=—) ). 2.1
2 20n

Remark 2.2 Note that if n € H, for 1 <« <2, then 5% € Ha . Thus, for Y = n@i)? — 1,
Proposition 2.1 yields for some positive constant c,

n 2
P(;(n(i)z -1 za) <Cy (n exp(—cq (£:,)%?) +exp<—ﬁ>). (22)

Finally, we specialize to our setting a general lower bound of S. Nagaev (see Theorem 1
of [18]). Let {A,, n € N} a sequence of subsets of Z¢, and for each n, let {Y"), z € A,,} be
independent and centered random variables. Let

o2= Y E[Y™)?], and = E[V"PL

Z€Ap z€A,

Proposition 2.3 Consider a sequence {t,, n € N} such that for a small enough €, > 0 and

n large enough
3
: O, (n) —1
1<, < Elen(c_van(?gif\/E[(Yz )% ) (2.3)

There is a positive constant k (independent of n and € ) such that

2
P(i Z Y™ > t,,) > exp(—%(l + ENK)>. 2.4)

0,
" zeAy

2.2 On Self-intersection Local Times

In this section, we recall and establish useful estimates for functionals of the local times.
First, for any z € Z¢, we estimate the variance of g2(z) — ,,(z)

2
42(2) = ln(2) = ( > m.(i)) —L@ =Y OH-D+2 > nn.0), 25
i<lp(2) i<lp(2) 1<i<j<ly(z)
It is immediate to obtain, for x, = E[n*] + 1

207(2) = (2)) < Egl(g () = ()’ 1 = L) (Eoln*]1 = 1) +2(2 () — 1, (2)) < x1l7 (2).
(2.6)
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626 A. Asselah

Second, we summarize the asymptotic behavior of the g-norm of local times (for any real
q>1)
Mg =" 1 (). @.7)
zez4

In dimension three and more, Becker and Konig [5] have shown that there are positive
constants, say « (g, d), such that almost surely

AV

lim =«k(q,d). (2.8)

n—oo n

The large deviations, and central limit theorem for ||/, ||, are tackled in [3]: we establish
a shape transition in the walk’s strategy to realize the deviations {||,[|7 — E[||,[|7] > n&}
with & > 0. This transition occurs at a critical value g.(d) = ﬁ suggesting the following
picture.

e In the super-critical regime q > q.(d), the walk performs a short-time clumping on fi-
nitely many sites.
o In the sub-critical regime q < q.(d), the walk is localized during the whole time-period
1

in a ball of volume n /& =T where it visits each site of the order of £ ¢-T -times.

We first recall Theorem 1.2 of [3] which deals with the super-critical regime.

Lemma 2.4 Assume d > 3 and q > q.(d). There are constants C, c(q, d) (depending only
ond and q), such that for &, > 1, and any integer n

Po(llla 4 — Bollls 191 > &un) < C exp(—c(g, d) (&, n)1). 2.9)

Also, Lemma 1.4 of [3] estimates the cost of the contribution of low level sets to an excess
g-norm. Thus, define for x, y > 0

Dy(x,y) :={z:x <l,(2) < y}.

Lemma 2.5 Assume d > 3 and q > q.(d). For y > 1, and x > 0 and € > 0, there is a
constant C such that for any sequence y,

nv/ac(d)—e
€Dy (1,yn) In

When y =1, one needs to take x > k(q,d) in (2.10).

Remark 2.6 Actually Lemma 1.4 of [3] is only stated for y > 1. An inspection of its proof,
shows that it covers also the case y = 1 provided that x > x (g, d). In (2.10), we are unable
to remove the €. This is a delicate issue which is also responsible for a gap in the exponent
of the speed in Region III of [4] (inequality (8)).

The next result deals with sub-critical regime. It follows from Theorem 1.1 and Re-
mark 1.3 of [3].
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Lemma 2.7 Assume d >3 and 1 < q < q.(d). There are constants C, c(q, d) (depending
only on d and q), such that for &, > 1, and any integer n

1
—1

2 2
Po(ll1u 112 — Eollllx 121 > &un) < C exp(—c(g. d)&, " n'~d). (2.11)

Remark 2.8 For d =3, (2.11) is mistakenly reported in [1]. Fortunately, this is of no conse-
quence since (with the notations of [1] and in the so-called Region II), we need there

o+1
4—a’

2 1
-B+b)—z—€e>p—-b 5L>ﬂ+1+36 — B>
3 3 a+1

This latter condition defines Region II.

We now state a corollary of Lemmas 2.5 and 2.7, whose immediate proof is omitted.
Corollary 2.9 Assume d >3 and §, > n3. For e > 0 small enough, and n large enough

Po(lllnll2 = &n™) < exp(— &"*2 ). (2.12)

3 Upper Bounds

In this section, we prove the upper bounds in Theorems 1.1, 1.2, and 1.3. When dealing with
large deviations, a natural approach is to perform a Chebychev’s exponential inequality. If
we expect P (X, < —x,) ~exp(—¢,), then for A > 0, and y, = x,,/¢,

Iy
Py, 1 = ¢.(1) = x,) <e—“”E[eXp<K< ¢y )>>] (3.1
Yn
Now, we first perform an integration over the charges. We define for x ¢ R™ andn € N

[ (x, n) = log Eglexp(r(1 — Go(m))]. (3.2)

Since 1 — ¢y(n) <1, and since e <1+ u + u®> when u < 1, we have, for the constant ¥,
which appears in (2.6),

T (x,n) < Lyonx + Loy log Eoll + x(1 — &o(n)) + x*(1 — ¢p(n))?]
< Lponx + Lapy log(1 + x?var(¢o(n)))
< Lpoyx + Lpepx? supvar(Go(k)) < Lpesyx + Loqy x1x° (3.3)
k

Remark 3.~I Note first that (3.3) implies that [(x,n) <max(l, x1)x2. Secondly, the depen-
dence of I'(x, n) on the local times has vanished in these two regimes.

Using (3.1) and (3.2), our first step is

Pl 1= £.0) > x,) < e-“"Eo[exp(Z f(””@ , zm))] (3.4)

=/ "
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628 A. Asselah

We introduce some notations. For 0 < x < y,and x >0

D) ={z€Z': x<l,x) <y}, and B(x,y;m:{ 3 l,%<z>zx}. (3.5)

2€Dn(x,y)

Also, we add a handy notations: for a subset A C Z%, X,,(A) = D en Xa(2).

To treat separately the contribution of the two regimes of I, we divide the visited sites of
the walk into D, (1, y,), and D, (y,, n). For x, =x/ =x,/2, and 0 < A < 1, we abbreviate
B, yu; xynx,) by B, and we have

P(_Xn > xn) = IEDO(Zn (Dn (yns I’l)) > X/) + P(_Xn(Dn(lv yn)) = x;l/)
< Po(Ly(Dy(yns m)) = X,) +Po(B) + P(=X, (D, (1, y,)) > x,,, BY)

< Po(lu(Dy (yn, 1)) = x,,) + Py(B)
(58wl > (52))]

+exp| —A— )Eo| Lsc exp| xi1A Z —_—
Yn Dy (1,yn) Y

A
< Pou(Du(yn,m)) = x,) +Po(B) + eXp(—é“n (5 - kzmx))- (3.6)

Note that the occurrence of an /,-norm of the local time, in B(1, y,; x), is not arbitrary but
is a consequence of the asymptotic of the log-Laplace in (3.3).

We discuss now the respective contributions of the top level term {l,,(D,(y,, n)) > x,},
and of the bottom level term B(1, y,; x ynXxn). Note that the threshold y, defining the fop
level term is determined by the log-Laplace, and may not be the value of the level set having
a dominant contribution to our large deviation.

Top Level Term  First, note that for any g > 1,

/ 1 _
{ln(Dn(ym I’l)) > Xn} C :”:H-Dy,(yn,n)lnnz > Exnyg 1}~ (37)

The event on the right hand side of (3.7) has a small probability if x, v ok (g, d)n, where
k(q,d) is defined in (2.8).

We distinguish g < ¢.(d) and g > q.(d) with g.(d) = d/(d —2) (see Sect. 2.2). (i) When
q < q.(d), the so-called subcritical regime, Lemma 2.7 yields

1

2 1
P(lL 19> Loy < exp( —e(q. [ Fyi1) T pifac (3.8)
Dn(yn.n)inllg = 2 nYn = p cyq, 2nyn n . .

Now, since x, < n, the map g — ’j—l” @D increases on [1, g.(d)[. (ii) When g > ¢g.(d), it
is easy to check that the upper bound given by Lemma 2.5, increases on ]q.(d), oo[, as a
function of ¢. Thus, the best estimates we can obtain on {/,, (D, (y,, n)) > x,} is with a bound
as in (3.7) right at g.(d), for which we do not have sharp estimates.

Bottom Level Term When 2 < g.(d) (that is in d = 3), we expect B(1, y,; xyn,x,) to be of
order {||/, ||§ > XYuXu}, and by Lemma 2.7, we have in d = 3, for xx,y, > «(2, d)n, that

PBL, yu; xyuxn)) < P15 = xYnxn) < exp(=c(2, 3) (xynxn)*’n~ 7). (3.9

@ Springer



Lower Tails for the Energy a Polymer 629

In this case, the cost of the bottom level set dominates the top level sets, and it is therefore
useless to consider ¢ > 2 in (3.8), when d = 3. When ¢.(d) < 2 (that is when d > 4), and
XnYyn/n — 00, we can use Lemma 2.5, even though this is not an optimal result.

It is clear from this discussion that the behavior of the lower tail is distinct in d = 3 and
in d > 4. This leads to different strategies, and different exponents. We discuss separately
the case d = 3 and the case d > 4.

3.1 Dimension 3

We first make explicit the notations of (3.1)

[STES

1
n3, and ynz);—"zé,fn%. (3.10)

2
xnzgnn3v {n:gjn

where &, can vary in [a, n%], for a constant a to be specified later. Our first result is the
following rough upper bound.

Lemma 3.2 Assume d = 3. There are positive constants ay, c;, such that for &, € [ay, n%]
P(=X, > £n*?) < 3exp(—ci&inb). (3.11)

Note that in Sect. 4.2, we establish a similar lower bound.

Proof of Lemma 3.2 Recall that (3.7), for g = 2, requires that x,y, > 2« (2, 3)n, which

is equivalent to &, > ay := (2« (2, 3))>/°. Recall that (3.9) requires that xx,y, > «(2, 3)n,

which is equivalent to Xéf RS k(2,3), which in turn requires that x > 1/2. Combining
inequalities (3.6), (3.7) with ¢ =2, and (3.9), we obtain for 0 <A <1

P(—X, > &n*"?)
< exp(—c(;%)cn) +exp(—c(2.3)x*¢,) +exp<—(% - Ale)(){n)- (3.12)
We choose x =1/4, and A =min(1/x;, 1) in (3.9) to obtain the desired result. ]
3.1.1 Upper Bound in Theorem 1.1: x,, = £,n** <n
‘We show in this section that the dominant level set of the local times is of order g,? much
smaller than y, when x, is much smaller than n. We actually consider x,, < a;n with a;

to be chosen later small. For a large constant a > 0, to be chosen later, we decompose
{z:1,(z) > 0} into Dy U - - - U D4 with

1. ¢ 1 ¢ [
Dl :Dn <17 - 115)5 DZ :,Dn<_$n5aasns>y
a a

6
D3=Dn<a ns’y_”>’ and ,D4=,Dn<&7n)'
a a

2 1. 2 2 1. 2
P(_Xn = é:nn3) =< ZP _Xn(Dl) > Zg;ﬂlg + P _Xn > gnn3 s _Xn(DZ) > ZgnnS .
i#2

(3.13)

‘We then write

(3.14)
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‘We now show that the contribution of D, is the dominant one.
(a) Contribution of D;.
We use Chebychev’s inequality with A > 0,

P(-Xn(Dl) > %snn“) < e’%f"]Eo[l_[ exp(r(A y(Z) L (z)))} (3.15)

€D

Now, to justify the expansion of I" at 0, we need ASG/ ’ < ay, which is equivalent to A§, <

an'’?. Assume that this latter fact holds. We have by (3.3)

( X, (Dy) > s; n2/3) < exp(——{n +xir Y (Z)> (3.16)

z€D) n

It will be convenient to define y, = max(x;, %). We now use that /,,(D;) < n, so that

2 6/5 6/5 :
Yy @ _ St _fn (3.17)
26D, yn ay y,, a
We choose A =a/(8x2) <an'/?/&, , and use (3.17) in (3.16)
1 23 a
P —=X.(Dy) = -&:n =exp| —o—0n |- (3.18)
4 82)(2

(b) Contribution of Dj.
For 0 < X <a, and x to be chosen later, we have

1
P<_XVI(D3) = ZEV!"Z/}) < P(B(agy?/ss Yns Xxnyn))

_a 2(2)
+e 45"E0[13(,)(-exp<xlkzz "(2 )]

2€D; Y

6/5 A )
< P(B(ag,"”, yu: xoya)) +exp| =\ 7 = 0idx )gn ). (3.19)
Choose 2 < g < g.(3) =3, and by Lemma 2.7
P(B(a&)>, yus xxuyn)) < PUILIIE = (@&)1 2 xx0y0) = P14 = a?72E7797D xn)
6 (g—
< exp(—c(q, 3)(a"_2)(.§,f @ 1))3(42—‘1)7,1/3)

< exp(—c(q. 3) (@2 x) T E,) (3.20)

Now, collecting (3.19) and (3.20), we choose x = a'~%/? and for a*~7 > (8x,)~2 we have
that the optimal A in (3.19) satisfies A <a, and

| Py S A 2
P(—Xn(Da) > e’ ) < exp(—c(g, (@) T, +exp<—(Z ~ x>c,,)
< exp(—c(q, 3)a%(q D é’n)'i‘EXP( 81 ad/? 1%) (3.21)
X1
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(c) Contribution of Dy.
We proceed as in (3.7) and (3.8).

g—1
-1 3q 1
< exp<—c<q,3>< 457/3 (%) ) | )nl“). (3.22)

Now, for A > 0,and 2 < g < 3,

G T T 2 A = 5 @A <t (323)

Our assumption is that £, < a;n'/3, and this implies that

2(q—2)
3g—-1)

1 n .
P(—X,,(D4) > —s,,nm) < eXp(-c(q, 3)f—>, with y = >0. (3.24)
4 aj a*3
(d) Contribution of D,.
We recall the rough lower bound P(—X, > énn%) > exp(—c; ¢u), and express (3.14) as

2 1, 2 2
P(_Xn 2 5;1713) f ZP<_Xn(Di) Z Zénr”) + P( X > %-nn2 _X (DZ) sl _%-n 3)
i#2
(3.25)
When a is large enough in (3.18) and (3.21), and a; small enough in (3.24), the terms with
D; and Dj; are negligible. We then write

X. (D >1 % D5| > n 1—¢.( > 2 < n
Xa(P) Z gt [ C Dol = s U Z( £ n(2)) = s”” Dils s |

(3.26)
Now, for dealing with the last event in (3.26), note that
:2(1 ~&GEN = n%l 5. 1Dal < —s } c {; S -y = B i n! }
Dy 4a§n/ atES /5 VD1l £ 1
(3.27)

Now, we fix the randomness of the walk, and use that 1 — ¢, <1, Ep[l — ¢,] =0 and
Eol(1 —£,)?] < x1 to obtain that (recall that &, = 1013

2/5n1/6 a2§
P 1-¢.d >4 < ——). 3.28
<J|D_Z< £0n(2) 2 = >_exp( 1 ) (3.28)
We put together (3.25), (3.26) and (3.28) to obtain for a large enough
lim P(|Da] > — | — X, > &n7 ) =1 3.29
nLnolo | 2| ol a4§2/5 — Ap Z Snn = 1. ( . )

@ Springer



632 A. Asselah

3.1.2 Upper Bound in Theorem 1.1: x,, = En with 1 > £ > a,

Note that
g, =é&n'’3, L =€ and y, = EVR?S.

Note that 5,,6/ 5= &y, < y,. For a large constant b > 0, to be chosen later, we decompose
{z:1,(z) > 0} into D; U ---UDs with

1 1
D1=Dn<1,zs?n2/5>, Dz=Dn<Es?n2/5,bs%n2/5>, and Dy =D, (by,, n).

(3.30)
‘We then write

P(-X, 2 n) < ZP(—XM) > %sn) " P(—xn(m) = Jen X, 2 sn>, (331)
i#2

and we show that the contribution of D, is the dominant one.

The treatment of D; is similar to the previous case (a). The choice A = b/(8,) requires
& < 8x,, which holds since £ < 1 < 8y5.

Then, for D5, we write

P (—Xn(Ds) = ;lﬁn> < P(ln(Dg) > %sn) < P(nlnn% > j—‘b$6/5n2/5n>

b\ 23
5exp<—c(2,3)<4—1) ;“,1). (3.32)

By taking b large enough, and proceeding as in the previous case (d), we reach that for § < 1

. E45p3/5
nan;oPODz' > X, < —Sn) =1. (3.33)
3.2 Dimension 4 or More
We choose here x,, v, and ¢, as follows.
Xy=En/n,  G=§, and y,= g (3.34)

We first deal with the case agn'/® < &, « n?~¢, with y; = (d/2)/(d +4), and any € positive.
3.2.1 Proof of the Upper Bound in (1.7)
Our starting point is the inequality (3.6) with x,,, y,, ¢, as in (3.34). We deal with each term

on the right hand side of (3.6).
First, choose x > k(2,d), and Lemma 2.5 gives

5 nl/dc(d)—e
PB(, yu; XXnyn)) = Po( Y. L@z xn> = GXP(—W) (3.35)
Yn '

2€Dn(1.yn)
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Second, n!/%@=¢ > yi is equivalent to asking &, "/

the condition which defines this regime.
Now, we deal with the event {/,,(D, (y,,n)) > x,,/2}. The proof of Proposition 3.3 of [4]
yields

©@/ge(d)— l>§2 < n'/27¢, which is exactly

P(Uy(Dy(ys 1)) = X4/2) < exp(—x,/ Dy, (3.36)
provided that for some fixed a and n large
1+3 2/d_
yn ¢ >log’(n)x, 3.37)

Now both x,i/q”(d)yﬁ/d > énz and condition (3.37) follow from logé, < (d/2 —€)/(d +
4)log(n). Thus, for any € > 0, there is €’ > 0 such that

P(y(Dy(n, 1)) = X,/2) < exp(—n £2). (3.38)

A bound of the type P(—X, > x,) < exp(—cg-‘nz) now follows from (3.35), and (3.36) after
we choose A small enough in the last term of the right hand side of (3.6).

3.2.2 Proof of (1.8)

We fix A large constant, and take the subdivision {by,..., by} of [A, y,[ with b; = A,
biy1=2b;, fori=1,...,M — 1, with M of order log(n). We will choose ¢ slightly larger
than 2, to be in the super-critical regime (when d > 4), and we define

Cin
{an(blvbt+l)| < bq } (339)

i+1

Finally, for ¢ > 2, choose p; = p2~/@=2/2 where p is such that }_, p; = 1. Now,

P(Z Y @0 = &) zxn>

i z€Dp(bi.bjt1)

1,
sP(uingZP( ) b(Z)( — () = - g,->. (3.40)

i - b
i 2€Dy(bisbis) T i+l

First, we deal with P(|J; G;) in the right hand side of (3.40). Note that

C
Ug c{||1p,,<A ylall? >—n} (3.41)

q — 2q
We choose C| = 2‘1“/((6], d), and use Lemma 2.5 to obtain, for any €’ > 0,
nl/ac(d)—e
(Ug ) = eXp< yilacd= 1) (3:42)

We neglect P(UGY) if n!/4e@ € > a/4c@=1g2 Gince Jog(g,) < (d/2 — €)/(d + 4)log(n),
and we are interested in g close to 2, we only need to check that taking g = 2, for any € > 0,
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we can find € > 0 such that

1 1( 2 1) ,><2 ( 2 1))<d/2—€> 1 ,>1 €
———=-1]—¢€ - — = - —€>-——.
gc(d) 2\ qc.(d) - q.(d) d+4 2 T2 d
Since (3.43) holds, we can find § > 0 small enough, and g =2 4§ so that P(UGy) is negli-
gible.
We fix a realization of the random walk and integrate first with respect to charges. For
the charges, we use the Gaussian bounds of Remark 3.1 which states that I'(x, n) < ¥;x2,

where x; = max(1, x;). In other words, on the event G; = {|D, (b;, bi1+1)| < Cln/b;’+1}, we
use

M
Q(Z > ln<z><1—;z(zn<z))>>2pixn>

i=1 z€Dy (bi,biy1)
u 14 (2) pi
sZQ( Y - nl@) > xn). (3.44)
i=1 2€Dn(bi bisy) T i+l
Now, we consider a fixed i € {1, ..., M}, and on G;, we have for any 6 > 0
l (Z) pixn9 - 2
Q( — (n(2))) > —xn> <ex (— + X11Dn(bi, bi1)10
Z bit1 —& +1 U 7™ !

2€Dp (bi ,biy1)

ixne
<exp P +x1Ci—5—
bit bl+1

). (3.45)

Note that if | D, (b;, bi+1)| < pix,/bi+1, then the left hand side of (3.45) vanishes. Therefore,
we assume that | D, (b;, bj1+1)| > pix,/bit1, so that the & which minimizes the right hand
side of (3.45) is lower than 1, and we obtain

23,42
P( > 0 saon - e gl>sexp< ! ’“E) (3.46)

4C
2€Dn (bi,bi41) i+l

With our choice of p;, b;, we have that pzbq > p?A972, Combining (3.44) and (3.46), we
have

2Aq—2 2
P (; (@) (1 = &:(1,(2)) = xn/Z) < Mexp G%) (3.47)

The bound (1.8) follows from (3.38) and (3.47).

3.2.3 Dimension d > 4, andn%rzzt <&, <Enwithé <1

This corresponds to Region III of [4]. We set x,, =&, ¢, = nd” and y, = §&,/¢,. Instead of
(3.6), we use

P(—X, >sn)<Po<l (Du(yy ™, n>)>%)

+Po(I L, 1o b3 = Yan) +exp(=L0y; (= A2x1)). (3.48)
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Proposition 3.3 of [4] yields that there is €’ > 0 such that

PPo (ln (Du(y,"m) = %) =< eXp(—En‘i%_E/). (3.49)

M
Now ¢,/ > n, and by Lemma 2.5, for any €

(T3 Gty —©
) (3.50)

d+4
2 a+2 _sn
IF’o( E [i(z) = & ) < exP< -

2€Du(Lya+e) Yn

The upper bound in (1.9) follows from (3.48), (3.50), and (3.49).

4 Lower Bounds

In realizing the lower bounds for Theorems 1.1, 1.2, and 1.3, two strategies of the walk are
distinguished: (i) the walk is localized a time 7,, into a ball of radius r,, with r> < T,,, (ii) the
walk roams freely.

4.1 On Localizing the Walk

We introduce two sequences {7}, ,, n € N}. We force the random walk to spend a time 7,
in the ball centered at 0, of radius r,,, that we denote B(r,,).

Ift, =inf{n > 0: S(n) & B(r,)}, itis well known (see Lemma 5.1 of Donsker and Varad-
han [12]) that for some constant ¢,

T,
Po(t, > T,) > exp| —co—————— |. 4.1
ot > T,) = p( CO|B(r,,)|2/d> “.1)

Once the walk is forced to stay inside B(r,), we turn to estimating the cost of {X,, < —x,}.

We then choose {7}, r,} so as to match the cost with (4.1).

First, we need some relation between being localized a time 7,, in a ball B(r,), and visit-
ing enough sites of B(r,) a time of order 7, /| B(r,)|. We have shown in [1] Proposition 1.4,
that in d = 3, for sequences {r,, T,,} going to infinity with r;’ < KT,, for some constant K,
there are positive constants &y and €, independent of r,,, 7, such that, for n large enough

T,

P
°< |B(r,)|

Let R, be the set of sites visited by the random walk before time n. The only fact used in
proving (4.2) is an asymptotical bound on Py(|R, | < n/&) for a fixed large & and n going to
infinity. Now, there is an obvious relation between |R,| and ||/, ||, which reads as follows.

Forg > 1

q-1 L

n < I n”q. 4.3)
IRl n

Thus, from (4.3) and [3] Theorem 1.1, we have for £~ > k (g, d), and ¢ < q.(d)

{z 21, (2) > 8o H > éolB(rn)I> > %IPO(‘L'V! > Th). 4.2)

Po<|Rn| < g) <Po(ll, 14 = £ 'n) < exp(—cf&in'"1). (4.4)
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Since g.(d) = ddj > 1, as soon as d > 3, (4.4) is sufficient to obtain (4.2) by following the
proof of [1], and we omit the details. We now focus on the following set of sites

T,
G, = {Z : 50—| <lr,(2) < 4.5)

2T, }
| B(ry) ol Bl |

Note that

:z:lrn(z)> = 1B,

aiat |
€0l B(rn)|
so that {l7, > 80T, /|B(ry)|} = Gu U {l1, > 2T,/ (€o| B(r»)])}, and

{z i1, (2) > do & H > éolB(rn)|>. (4.6)

€0
P()(Iin > 5|B(rn)|> > Po( Be]

Now, in the scenario we are adopting, it will be easy to estimate the contribution of sites
of G,, which is a random set. To use the notations of Proposition 2.3, we define for z € Z¢,
Y™ =1,(2)(1 — £, (1,(z))). We have, for § > 0 small

{Z Y" > xn} > {Z Y" > (1+ S)x,,} n {Z ym > —axn}. “.7)

zezd 2€Gn 2¢Gn

When we integrate (4.7) over the charges, we use the fact that charges over disjoint regions
are independent. Thus, we fix a realization of the walk, and

Q(Z " = xn> > Q(Z Y= (1+ 6)xn> Q(Z " = —m). (4.8)

7€24 2€Gn 2¢Gn

We first deal with the charges in G;,. We show using (2.6) that on B, = {||/, |l < xnn‘f/}, for
€’ small, then

a E[(Y™)?
1g, Q(Z Y® < —an) <1p, ez ELYV)]

2
2¢0n (8x2)
X1 ZveZd IZ(Z) X1
< - < . 4.9
<1, T S (4.9)
Thus, from (4.9) with n large, we have
15,0( YY" = —bx, ) = s, (4.10)
n z = jl 2

2¢Gn

From (4.7) and (4.10), we obtain, when integrating only over the charges

n ]]'BVI n
JLB,IQ(ZY;)zxn)zTQ(ZY;>z(1+6>xn>. (4.11)
ze74 2€Gn
Thus, after integrating over the walk

2P<Z Y= xn) +Po(B)) = P(Z YW= 1+ a)xn)

2€24 2€Gn
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> P<|gn| > %"|B<rn>|, DR ARG +8)xn>. 4.12)

2€Gn

Assume for a moment that Po(B;;,) were negligible. When integrating only over charges
the last term of (4.12), we invoke Nagaev’s Proposition 2.3, applied to {YZ("), ze€G,}. To
simplify notations, we assume henceforth that 7,, = n (though we can force the transient
walk never to return to G, after time 7, so that for z € G, we would have [,(z) = I1, (2)).
Now, when we fix a realization of the walk, we have easily from the equality (2.6), for
constants y; and x4

x12(2) > Eo[(Y"™) 1> 2(12(z) = 1,(z)) and  Eo[(Y")*] < xul) (2). (4.13)

3/4
4

From Jensen’s inequality, we have Eo[|Y " *] < x3l3(z) with & = . Note that in order

to have a non-zero lower bound for the variance of YZ(”), we impose

y B(T” ;22 sothat Vzeg,, EolY1=2(;(2) — 1,(2) = [ (). (4.14)
In !

With the notations of Proposition 2.3, we have (using (4.13)) on {|G, | > E7°|B(r,,)|}

8¢ T? 4 T? 8 T}
€00 n < 0_”2 < X12 n and C,,3 < X33 n - (415)
2 |B(r)l o€y 1B (ra)l o€y 1B (ra)l

Also, o,t, = (1 4 §)x,, so that (2.3) holds if for some €, > 0, and n large enough

3 (n)
o =(14+8x,  (1+8xC <evo)s and (14 8)x, maxy E[(Y:")’] < exoy.
(4.16)
Using (4.15), (4.16) and (4.14) follow if, for some constant ¢,

4)(12 Tn2 S xf,
So€g 1B(rn)|

and x, <epnciT,. 4.17)

When (4.17) holds, and we can use Proposition 2.3, to obtain on {|G, | > E7°|B(rn)|}, and for
constants ¢y, ¢,

2 2
n B(r,)|
Y® > (1485, ) = expl —er () ) = exp( —ep B 4.18
Q(@Zg ™ > 1+ )x>_exp( C‘<a,,>>—e"p< 2~ 4.18)
After integrating over the walk, recalling (4.2), (4.1), (4.12) and (4.6), we have

€
2P<Z Y zxn) > P<|gn| = JIBr)L Y Y= +8)xn> — Po(B5)

ze74 2€Gy

X2 |B(ry)| T,
— C
T2 1B,

> eXP(-Cz > — Py (I3 = xn 7).

(4.19)
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From inequality (4.19), the difference between d =3 and d > 4 is obvious, when imposing
a localization of the walk. Indeed, matching the two costs in (4.19), we find

x2|B(ry)] T, 1B( )l% T} 4.20)
= — 'n = . .
T? | B(r,)|?4 x2

Thus, combining (4.19) with the choice of (4.20), we obtain for a constant ¢, > 0

4 d—4

P(X, < —xp) = exp(—cy x5 7 T,77) — Po(By). 4.21)

d_
Corollary 2.9 shows that Py(B;,) < exp(—c, 7). Henceforth, we neglect Py (B5).
4.2 The Cased =3 and ay < &, <&n'/3 with& < 1

In this section, we choose T, = n, and | B(r,,)|>/* = n®/x2, as suggested in (4.20).

We start with &, < cjexn'/3. In this case, x, = &,n*/3. The discussion of the previous
section applies here. Note that sites of G, are visited about 5,16/ >_times each. Conditions “4.17)
are satisfied, and the discussion following it holds. The bound (4.21) provides the desired
lower bound.

Now, we deal with x,, = &n, with 1 > & > c €. The second inequality in (4.17) fails, and
Nagaev’s lower bound cannot be applied. We choose § > 0 small enough so that £(1 4 8)? <
1, and we consider the event A = {Vz € B(r,,), (1 — ¢;) > £(1 + 8)?} N {z, > n}. Note that

Ac {Zln@(l —C(.() = £01 +6)2n}.

ze74

However, there might be some sites of B(r,) that the walk visits once, and if n € {—1, 1},
we will have on this sites that ¢,(/,(z)) = 0. We will restrict to sites of B(r,) visited often.
Note that, for @(£¢) > 0,

1 & 2
lim Q1 — &1 2 §(1+8)) = lim Q((WZW)) <1 —s(1+8>2) = a(®).
i=1

Thus, there is n; (depending on & and §) such that for n > n;

I ) 1
Q(<ﬁ ;nzm) <1-¢d +5)) > Sa®).
Now, with n| fixed, we define a set
Gu={z € B(ry) :1,(2) = m}.
On the event {7, > n}, we have for n large enough (using that | B(r,)| < n)
LG < IBGIm = 1(G) =~ Br)lm = T
Thus,

Ac Zln(z)(l—;zan(z))zzn<gn>s<1+8>2=s(1+6)n}

26Gn
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Using (4.12) (with § occurring in (4.12)), we have

[B(rn)|
ZP(Z Y. > sn> +Po(BY) > (@) x Po(z, > n)

7724
[B(rn)|
> (?) X eXp(_007|B(r’:)|2/d)' (4.22)

Since 1 > £ > cj€,r, the power of £ appearing in (4.22) is irrelevant. We only need to check
that the speed exponent is correct in (4.22)

4.3 The Case d > 4 and n < &, < %n (¢ Defined Before (4.2))

Here x, = &,. Assume that we localize the walk a time 7, inside B(r,). We make use of
Sect. 4.1 until the point where we assumed 7, = n (that is a paragraph before (4.13)). If
we were allowed to identify the two costs in (4.19), we would find here 7, = x, = §,,
and |B(r,)| =&, with ¢; = . Note that in dimension 4 or larger, with 7,, of order &,

we are not entltled to use Nagaev s lower bound. On the other hand, |B(r,)| = £,¢, is the
expected speed, so that constraining the local charges on G, would yield the correct cost.
We observe that we are entitled to use the CLT for ¢,(/,(z)), for each sites in G,, since
I,(2) = 15,(2) > S,,l ~%_With the notation Z for a standard Gaussian variable, and 7 large
enough, we have for z € G,,, and uniformly over /,(z)

_ lp(z2 - 1) < Q(; 10(2)) < 1)
2 2] = o 2)

With the choice T, = %Sn (note that 7, < n), recalling the definition of G, in (4.5), and
using that [, (z) > I, (z)

1 1
{Vz €Gn, ¢ (Un(2)) < 5} N {|gn| Z3 IB(rn)I} {Z Y.z §|gn|’[;1 = +5)En}.

2€Gn

Thus, using (4.12)

2”(2 Y, > a) +Po(BY) = oy ™ x Po(z, > T,) = exp(—c £). (4.23)

zezd
4.4 The Case d > 4 and &, = En with %0 <&<1

We set here x, = &n. We assume that & < 1, for ' > 0 so small that (1 + §)& < 1, we
choose T, = (1 + 8)én and |B(r,)| = (£n)?/“+? We force the local charges to realize
1-¢0@)=>1— % for 8’ arbitrarily small. Note that for «; > 0,

1 o >y
Jim Q((ﬁ an(i)) < Z) =a.
i=1

Thus, there is n; (depending on & and §’) such that for n > n;

(( Zn(z)) )>1a1 (4.24)
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Now, using n;, we define a set
gﬂ = {Z € B(rn) . ln(z) Z nl}'

On the event {t, > (1 4 8")&én}, we have for n large enough (using that |B(r,,)| < n)

6/
L(G) < 1B(r)lni = 1,(Gy) = (1 +8)&n — |B(ry)Iny > (1 +5/)<1 - Z)ﬂé-

We use (4.24) for ¢,(1,(z)), with z € G,. Thus, on {t, > (1 + §")én},

by by 2
{We@xmam<xuﬂ§:nzO——)MMzu+&(L~)nﬁ.
2€Gp 4 4
Now, we choose 8’ so small that (1 + 8")(1 — %/)2 > 14§, for § occurring in (4.12). Thus,
using (4.12)

[B(rn)l
2P<Z Y. > sn) +Po(B)) > (O;—l) X Po(r, > T,)

zezd
- 051 |B(rn)| (1 +(S,)gi’l
—_— X €X —Co——————
=2 P B G P

> exp(—c; (En)7+7). (4.25)
This yields the desired bound.
4.5 The Case d > 4 and n*? « &, « n@+2/(d+4

The strategy in this region (region I of [4]) consists in letting the walk roam freely, while the
local charges perform a moderate deviations. Note that our scenery ¢, depends on the local
times, and on sites visited only once by the walk, Y, may vanish by (2.6), as in the model
where n € {—1, 1}. Thus, we only consider sites where {z : [, (z) = 2}, since %(m +m)2—1
is not degenerate. Also, a transient random walk has enough sites of this type. Indeed, Becker
and Konig in [5] have shown that, in d > 3 with D, (k) = {z : [,(z) = k} for any positive
integer k, we have

lim END. O _ Ya(l — ) ™", where y =Py(S(k) #0, Yk > 0). (4.26)

n—00 n

We choose a scenario based only on D, (2). Note that for n large enough, the fact that
|D,,(2)| < n, and (4.26) imply that

1 E[|D,(2)]] D, (2)] _ 1 1
Eﬁa—ms ; =Py — Zzﬁﬂ—m)+zﬁﬂ—m)
Thus,
1D, (2)] . 1,
Py . >y =y withy, = 70 (I —v0). 4.27)
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Now, we consider the following decomposition, for § > 0 small (recall that here x,, = /n&,)

{ZY;">zﬁsn}3{ > Y;">z<1+6>ﬁsn]m{ > Yj“z—aﬁsn}. (4.28)

ze74 2€Dp(2) 2¢Dn(2)

We treat the second event on the right hand side of (4.28) as in Sect. 4.1: we restrict to 13,
(where P(B;) is negligible by Corollary 2.9), and we use Markov’s inequality.

Now, fixing a realization of the walk, {Y,, z € D,(2)} are centered i.i.d with E [Yf] =
2(Eg[n*1 + 1), and on {|D,(2)| > yin}, then {ZDM) Y, > (1 +8)4/n &,} is a moderate
deviations. Thus, there is a constant ¢, such that on the event {|D, (2)| > yin}, and for n
large

(1 +8)E)n )
Y. > (1+8)/nt, | > _
Q@% =l )ﬁg>>£exp< 2D, D (Egln'1 + 1)

(1+8)%?
geXp<_—2V|(EQ[n4] n 1)). 4.29)

v

After integrating (4.29) the walk’s law, we have

P<|Dn<2)| >y, Y V.= (1 +6)Jﬁsn> > ey exp(—

Dn(2)

(1+6)? 2)
— 7 7). (430
2y (Eoln1+ 1) & (430)

5 Proof of Proposition 1.7

Large B First, H, > —n implies the upper bound in (1.19). The lower bound in (1.19)
follows from the lower bound in (1.5) with &, = £n'/3, and the following inequalities: for

£<1
H,
Zﬂ_(rll:%) = E|:6Xp<—ﬂm)i| > P(H, < —én)eﬁg”s/s

> exp(n* (BE — c; £*%)). (5.1)

For any fixed & < 1, we choose B large enough so that the lower bound in (1.19) holds.
Now, define

2

A, (a) = { {Z ez’ % <1,(2) Ean%}

03/
>— 1.
a4

Using the estimates of Sect. 3.1.2, we have for x >0
H, pn3/5 . 305 (B—ya?l3)
E|exp —,32—/5 <e P(A(a) <e xa=) 5.2)
n

Choosing a large enough so that 28 < xa?/3, and using the lower bound in (5.1), we ob-
tain (1.20).
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Small B First, we decompose the partition function over the three regimes for —H,: the
moderate deviation, the large deviation and intermediate regimes. Thus,

Z, (%) =Z;(B)+ ZuB) + Zu(B), (5.3)
n2f:

with for € small

ZI(,B)=E|:6XP( }2]/5>Il{n2+6< —H, <n3+f}i|

H, 2
le(ﬂ) = E[exp<_13n2/5>]l{n3+e < _Hn < n}]a

and Z;;(B) corresponds to the remaining regimes.

We first deal with Z;(8) and rely on Chen’s result (1.2). We note that from Chen’s proof,
the result (1.2) is actually uniform in the sequence &,, in the sense that there is a sequence
{8,} going to 0, such that for any &, € [n¢, n'/~], we have

P(‘H" )— ( £ (1+36,) (5.4)
ﬁ = eXp —E n>~ .

We have

p4/15—¢

Z1(B) = exp(Bn/1%) + B / P(jﬂ . u) du
1/104€

nl/6—€

:exp(ﬂnl/10+€) +ﬁnl/10/

ne

2
exp(ﬁnl/mu -2 a4+ 5n)) du  (5.5)
ZCd

1/10,, _ u?
u 2¢y

cqf?n'/ /2. In other words, it is a simple computation that we omit, which yields for any
B >0,

Now, the asymptotical behaviour is found as we maximize fn , which is

2
lim —s 1 —5log Z(B) = ‘“3 (5.6)

We deal now with Z;;, which corresponds to the regime studied in Theorem 1.1. We show
that for 8 small, Z;(B8) < exp(en'/®), for € small. Note that

logz(n1/3) H
k+1,,4/15+€
Zp(B) < E ¢ ﬁP<2k Yt < —% PYa <2%Mn 4/]5+E> 5.7)
k=0

In view of (5.7), it is enough to show that for n3 > &, > n*/15*¢ we have
P(—H, > &n*’) <e . (5.8)
From (1.5), we have in this regime

P(—H, = &n*P) <exp(—ci (§,n*°72)Pn'l), (5.9
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and (5.8) requires that
chy’
ET 2268, — & < (—*) . (5.10)

Since &, <n’/, (5.10) holds if B < ¢ /2.
Finally, we deal with Z;.

Zip < exp(Bn' 72 fexp(Bn* ) P(—H, = n? )

n1/3—e

< exp(Bn'/10%€) + exp(— + /3n4/15+5>. (5.11)

Cd

Zy is negligible when € is such that % +3e < %
We finally show (1.22). We choose p > 1 such that p < B;, and use Holder’s inequality

_pgtn_ _pg Hn_
Ele "5 1y, 0 pntisyun] < (Ele” " 2EDVP(P@z,1,(2) > bn'1%)) 1V <q=ﬁ>

< e (nPy(1,(0) > bn'/%)) /4
b
<n'a exp((Cﬂ2 - XL)M”). (5.12)
q

As we choose b large enough in (5.12), we obtain (1.22).
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